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Three-terminal topological superconducting nanowire (TSNW)-quantum dot (QD) hybrid junc-
tion devices are studied. The energy spectra and the wave functions of the subgap states are
calculated as a function of the superconducting phase differences between TSNWs and as a function
of the QD level energy based on the Bogoliubov-de Gennes tight-binding Hamiltonians. It is shown
that when the QD level is located near or inside the superconducting gap, there can exist eight
subgap states. Among them, four low energy (two positive and two negative) subgap states are
essentially formed by linear combinations of the six Majorana bound states (MBSs) located at the
ends of the three TSNWs. The remaining four high energy subgap states are mainly built from
linear combinations of the QD state and the three MBSs of the TSNWs adjacent to the QD. When
there is no QD level near or inside the superconducting gap, only six subgap states built from linear
combinations of the six MBSs of the three TSNWs can be present in the system. It is also shown
that there exists a unique point in the parameter space of the superconducting phase differences
between TSNWs, at which the energies of the six low energy subgap states move close to each other
towards nearly zero energies. Simple but general effective model Hamiltonians for the three-terminal
TSNW-QD hybrid devices have also been developed. Based on the effective model Hamiltonians,
the subgap states of the three-terminal TSNW-QD hybrid devices in the limit of the three infinitely
long TSNWs are studied. The results of the calculations and the effective model Hamiltonians could
be used as a starting point to construct and investigate the braiding schemes of MBSs in TSNW
junction devices.
I. INTRODUCTION
Currently, Majorana bound states (MBSs) in con-
densed matter physics1–7 attract great attention because
of its non-Abelian statistics and potential applications
in topological quantum computation (TQC)8,9. A series
of experiments towards detecting signatures of the MBSs
have been performed on nanowire devices10–22 made from
semiconductors InSb and InAs nanowires, and ferromag-
netic atomic chains. These nanowire systems are believed
to be the most promising systems for generating MBSs.
To realize MBSs with a semiconductor nanowire, it is re-
quired that the nanowire should possess a large g-factor
and strong spin-orbit interaction (SOI). A topological su-
perconducting nanowire with MBSs present at its two
ends can be created by placing such a semiconductor
nanowire in the proximity of an s-wave superconductor
and under application of a moderate magnetic field23–26.
Stimulated by the experimental progress10–22, many
theoretical proposals27–39 to implement TQC with MBSs
in nanowire devices are reported. Because braiding two
MBSs, the essential operation to realize the TQC, is
not straightforward in one dimension, a solution to walk
around this difficulty is to build a nanowire network for
MBS braiding or exchanging. Before studying the actual
physical process of MBS braiding in a nanowire network,
the first natural step is to study the energy spectra of
MBSs and subgap states in a minimal structure, a three-
terminal hybrid nanowire junction with the nanowires in
the topological superconducting phase. Various nanowire
junctions40–49 have been realized and characterized by
transport measurements. Several theoretical studies on
multiterminal superconductor junctions have also been
reported50–52.
In this paper, we report on a theoretical study of three-
terminal topological superconducting nanowire (TSNW)
junction devices with the nanowires connected to each
other via a quantum dot (QD) in the junction region
in each device. We explore the effects of the couplings
among MBSs presented in the junction devices. Since, as
shown in a recent work,53 a QD can be an important con-
stitution to realize MBS braiding, here we include a QD
in the devices. The QD is located at the connecting junc-
tion of the three nanowires and has an energy state which
is assumed to be tunable using, e.g., a gate. Thus, the
QD can play a role of high barrier (without a QD level
at the Fermi energy) or a conduction channel (with a
QD level at the Fermi energy) and can therefore be used
to control the couplings among MBSs in the TSNWs.
Our three-terminal TSNW junction devices are described
by standard Bogoliubov-de Gennes (BdG) tight-binding
Hamiltonians. The energy spectra and the probability
distributions of the wave functions of subgap states in
the devices are calculated and analyzed. We have also
extracted low-energy effective models that describe the
results of the numerical calculations for the subgap states
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2of the three-terminal TSNW-QD hybrid devices based on
the BdG tight-binding Hamiltonians. We demonstrate
that the coupling strengths between the MBSs adjacent
to the QD in the three-terminal TSNW-QD hybrid de-
vices are functions of the azimuths of the TSNWs, the QD
level energy, and the superconducting phase differences
between the TSNWs. Tuning superconducting phase dif-
ferences could be achieved by employing local magnetic
fields to SQUID setups connecting the TSNWs. A sim-
ilar but different all-magnetic-flux-controlled prototype
device for MBS braiding is proposed in Refs. 34 and 35,
in which the magnetic flux is used to control the coupling
of MBSs in a single nanowire. Here, the magnetic flux
is used to tune the couplings between MBSs in different
nanowires.
The paper is organized as follows. In Sec. II, we
present the BdG tight-binding model that is used to de-
scribe our three-terminal TSNW-QD hybrid junction de-
vices. In Sec. III, we present the results of the calcula-
tions for the three-terminal TSNW-QD hybrid junction
devices based on the BdG tight-binding model. The en-
ergy spectra and wave functions of the subgap states are
calculated in the parameter space of the phase differences
between TSNWs for two cases, i.e., the case when there
is no QD level located near or inside the superconducting
gap and the case when the QD level is located near or
inside the superconducting gap. Simple but general ef-
fective models extracted for describing the subgap states
of the three-terminal TSNW-QD hybrid devices in the
two cases will also be presented and discussed. Finally,
in Sec. IV, we summarize and conclude the paper.
II. MODEL AND FORMALISM
As depicted in Fig. 1(a), we consider a three-terminal
TSNW-QD hybrid junction device which is placed on the
x-y plane with three TSNWs connected together via a
QD at the junction. An applied magnetic field along the
z direction is assumed to drive the three semiconductor
nanowires with strong SOI and a sizable g factor into the
topological superconducting phase. Figure 1(b) displays
a lattice model of the system with the TSNWs repre-
sented by discrete sites and the QD by one site at the
center of the junction. The two of the TSNWs are as-
sumed to be connected via superconductor leads and φij
is the phase difference between TSNWs i and j, which
can be tuned by applying a local magnetic field. The co-
ordinate system is established by taking the QD site as
the origin.
The total Hamiltonian includes three parts and can be
written as
Htotal =
3∑
i=1
Hi +HQD +Hc, (1)
where Hi is the Hamiltonian of the i-th TSNW, HQD is
the Hamiltonian of the QD in normal phase (i.e., without
Figure 1. (a) Sketch of a three-terminal TSNW-QD hybrid
device. Three semiconductor nanowires, coupled by a QD
in the center, are placed on the x-y plane and covered by s-
wave superconductors. The nanowires are assumed to possess
strong Rashba spin-orbit interaction and a magnetic field is
assumed to apply to the device along the z direction. (b) Sim-
plified view of the device. The QD is represented by a red dot
in the origin of the coordinate system, γi (i = 1, . . . , 6) label
the MBSs (marked by pink color shaded circles) at the ends
of the TSNWs, φ21 and φ32 are the superconductor phase dif-
ferences between TSNWs 1 and 2 and between TSNWs 2 and
3. Note that φ21 and φ32 can be tuned with magnetic fluxes
through properly designed SQUID structures as indicated in
the figure. The orientations of the three TSNWs are defined
by azimuths q1, q2, and q3. In most results presented in this
work, the systems with q1 = pi6 , q2 =
5pi
6
, and q3 = 3pi2 as
drawn in the figure are considered. However, the results are
easily generalized to a system with arbitrary values of q1, q2,
and q3.
including a superconducting pairing potential), and Hc
describes the couplings between the TSNWs and the QD.
In order to take into account the spatial directions of
the wires, the azimuth of the i-th TSNW qi enters Hi
following the formula developed in Ref. 29. In the tight-
binding approach, the Hamiltonian Hi takes the form of
Hi =
∑
n,m
1
2
Ψ†n(HiBdG)n,mΨm, (2)
where HiBdG is the BdG Hamiltonian for the i-
th TSNW in the Nambu spinor basis of Ψn =
[ψn↑, ψn↓, ψ
†
n↓,−ψ†n↑]T ,
(HiBdG)n,m = hi0δn,m + hi1δn,m−1 + hi−1δn,m+1, (3)
with
hi0 =(2t− µ)τz + Vzσz + ∆(τx cosφi − τy sinφi), (4)
hi1 =[−t+ iα0(σy cos qi − σx sin qi)]τz, (5)
hi−1 =[−t− iα0(σy cos qi − σx sin qi)]τz. (6)
Here, m and n are the site indices, t = ~
2
2m∗a2 is the
hopping parameter, which is related to the band width,
with ~ standing for the reduced Planck constant, m∗ the
effective mass, and a the lattice spacing, σu and τu, where
u = x, y or z, are the Pauli matrices acting, respectively,
3on spin and particle-hole spaces, α0 is the Rashba SOI
strength, µ is the chemical potential, Vz is the Zeeman
energy, ∆ and φi are the magnitude and phase of the
superconducting pairing potential, and qi is the azimuth
of the i-th TSNW.
The topological phase transition point for each
nanowire is at Vz =
√
∆2 + µ2, with Vz <
√
∆2 + µ2
for the nanowire in trivial phase and Vz >
√
∆2 + µ2 for
the nanowire in topological superconducting phase23,25.
For simplicity, in the calculations and discussions pre-
sented below, the chemical potential µ is set to 0 and
Vz = 2∆, such that all the nanowires are in topological
superconducting phase.
The Hamiltonian of the QD in the basis of ΨQD =
[ψQD↑, ψQD↓, ψ
†
QD↓,−ψ†QD↑]T is
HQD =
1
2
Ψ†QDHQDΨQD, (7)
with
HQD = −eVgτz + Vzσz, (8)
where −e is the single electron charge and Vg is the tun-
able gate voltage.
The coupling Hamiltonian is
Hc =
3∑
i=1
1
2
Ψ†iTiΨQD + H.c., (9)
where ΨQD and Ψi are the annihilation operators at the
QD site and its adjacent site in the i-th TSNW, and
Ti = −tciτz is the spin independent coupling matrix.
III. SUBGAP STATES AND EFFECTIVE
HAMILTONIANS
As can be seen in the above formulation, the energy
spectra and the coupling between MBSs adjacent to the
QD are functions of the phase differences, φ21 = φ2 − φ1
and φ32 = φ3 − φ2 between TSNWs, and the energy po-
sition of the QD level. In the following, we first in Sec.
III A present the results of the calculations for the case
when there is no QD level in or near the superconduct-
ing gap. Here, we will show that the MBSs adjacent to
the QD and the couplings between them can be tuned
through tuning phase differences φ21 and φ32. In Sec.
III B, we will present the results of calculations for the
case when a QD level is present in or near the super-
conducting gap and show that the tunings of the MBSs
and the couplings between them can be also achieved
through controlling of the energy level in the QD. Simple
effective model Hamiltonians for describing the results of
the numerical calculations will also be extracted for the
two cases. A brief discussion about the generality of the
effective models will be given in Sec. III C.
A. System with no QD level in and near the
superconducting gap
In a three terminal TSNW-QD hybrid system with all
QD levels being located far from the superconducting gap
and, thus, far from the Fermi level, the QD just acts as
a potential barrier at the connection point of the three
TSNWs. Below, we will present the results of calcula-
tions for the energy spectra and the wave functions of
the subgap states of the system by fixing φ21 while vary-
ing φ32. If the calculations are performed by fixing φ32
and varying φ21, the same results will be obtained.
Figure 2 shows the calculated energy spectra of sub-
gap state of the system at different values of φ21 and φ32.
In Figs. 2 (a1) and 2(a2), the subgap energy spectra of
the system with Vz = 2∆ at a fixed value of φ21 = 0
and different values of φ32 are plotted in a linear and
a logarithmic scale, respectively. There are six subgap
states inside the superconducting gap. These states ap-
pear in pairs at energies of ∼ ±10−7∆, ∼ ±10−4∆ and
∼ ±10−1∆, see Fig. 2(a2) for the three positive energy
subgap states. Note that at Vz = 2∆, the superconduct-
ing gap parameter Eg shrinks to Eg ≈ 0.7∆. The wave
functions of the three positive energy subgap states calcu-
lated at φ21 = 0 and φ32 = pi are shown in Figs. 2(a3) to
2(a5). The probability distribution of the lowest positive
energy subgap state at the energy of ∼ 10−7∆ is shown
in Fig. 2(a3). It is seen that this state is formed from
the three MBSs located at the outer ends of the three
TSNWs. The probability distribution of the next lowest
positive energy subgap state at the energy of ∼ 10−3∆
is shown in Fig. 2(a4). This state is formed from a su-
perposition of all the six MBSs. Note that the energies
of these two states are very close to zero, but are finite
due to the fact that the TSNWs are all finite in length.
The probability distribution of the remaining positive en-
ergy subgap state at the energy of ∼ 10−1∆ is shown in
Fig. 2(a5). This state is formed from the hybridization of
the MBSs at the inner ends of the three TSNWs. Thus,
the energy of this state would not change with increas-
ing TSNW lengths. However, the state can be effectively
tuned by the couplings tci between the TSNWs and the
QD, and by the phase differences between the TSNWs,
as we will show below. The three corresponding negative
energy subgap states show the same probability distribu-
tions as their positive energy counterparts.
Figures 2(b1) and 2(b2) show the subgap energy spec-
tra of the system at a fixed value of φ21 = 2pi3 and differ-
ent values of φ32. Figures 2(b3) to 2(b5) show the wave
functions of the subgap states of the system at φ21 = 2pi3
and φ32 = 3pi5 . Clearly, the wave functions of the six sub-
gap states show the similar probability distributions as
their corresponding subgap states shown in Figs. 2(a3)
to 2(a5). In fact, similar characteristics in the proba-
bility distributions of the six subgap states are observed
at other values of φ21 and φ32, except for the case of
φ21 =
4pi
3 and φ32 =
4pi
3 as we will show below.
Figures 2(c1) and 2(c2) show the subgap energy spec-
4Figure 2. Subgap state energy spectra and wave functions of a three-terminal TSNW-QD hybrid system with no QD level
near or inside the superconducting gap calculated based on the full BdG tight-binding Hamiltonian. (a1) Subgap state energy
spectra calculated for the system with phase difference φ21 = 0 against phase difference φ32. (a2) Zoom-in view of the energy
spectra of the three positive energy subgap states of the system in a logarithmic scale in the region marked by a rectangle
in (a1). (a3)-(a5) Probability distributions |Ψn|2 of the three positive energy subgap states calculated for the system with
φ21 = 0 and φ32 = pi. (b1)-(b2) The same as (a1)-(a2) but for φ21 = 2pi3 . (b3)-(b5) The same as (a3)-(a5) but for φ21 =
2pi
3
and
φ32 =
3pi
5
. (c1)-(c2) The same as (a1)-(a2) but for φ21 = 4pi3 . (c3)-(c5) The same as (a3)-(a5) but for φ21 = φ32 =
4pi
3
. Other
parameters employed in the calculations are Vz = 2∆, µ = 0, t = 10∆, α0 = 2∆, and tci = 3∆ (with i = 1, 2, and 3). Each
nanowire is modeled with 90 tight-binding sites.
tra of the system at a fixed value of φ21 = 4pi3 . Here,
it is seen that the energies of the subgap states are var-
ied with varying φ32 and all the subgap states move to-
gether in energy when the phase difference φ32 moves to
φ32 =
4pi
3 . We note that this particular case is found only
when φ21 = 4pi3 . We note also that at this particular case,
all the subgap states are close to zero in energy as shown
in Figs. 2(c1) and 2(c2) and have the same form of the
probability distributions as seen in Figs. 2(c3) to 2(c5).
It can also be observed that the subgap states within each
TSNW have the same form of probability distributions
as that in an isolated single TSNW, which implies that
the couplings between the three TSNWs become vanish-
ingly small at this specific case. These results indicate
that the phase differences between the TSNWs can play
a role in tuning of couplings between the three TSNWs
and we can control the couplings between the TSNWs via
controlling phase differences between the three TSNWs.
Based on the numerical results presented above, an
effective model involving only the MBSs in the three-
terminal TSNW-QD hybrid structure can be constructed
and can be used for simplification in considering employ-
ing the MBSs in the system. Similar to the procedure
employed for two MBSs coupled through a weak link in
a one-dimensional topological superconducting system30,
the effective Hamiltonian of the three-terminal TSNW-
QD hybrid structure can be written as
Heff = H
S
eff +H
D
eff , (10)
with
HSeff = i(t14γ1γ4 + t25γ2γ5 + t36γ3γ6), (11)
HDeff = i(γ2γ1t21 sin
β21
2
+ γ3γ2t32 sin
β32
2
+γ1γ3t13 sin
β13
2
), (12)
5Figure 3. Subgap state energy spectra and wave functions of a three-terminal TSNW-QD hybrid system with no QD level near
or inside the superconducting gap calculated based on the effective model Hamiltonian of Eq. (10). (a1) Subgap state energy
spectra calculated for the system with phase difference φ21 = 0 against phase difference φ32. (a2) Zoom-in view of the energy
spectra of the three positive energy subgap states of the system in a logarithmic scale in the region marked by a rectangle in
(a1). (a3)-(a5) Probability distributions |Ψn|2 of the three positive energy subgap states calculated for the system with φ21 = 0
and φ32 = pi. (b1)-(b2) The same as (a1)-(a2) but for φ21 = 4pi3 . (b3)-(b5) The same as (a3)-(a5) but for φ21 = φ32 =
4pi
3
. (c)
Subgap state energy spectra of the system in the full parameter space of φ32 and φ21. The coupling parameters employed in
the calculations are t14 = t25 = t36 = 0.0003∆ and t12 = t23 = t13 = 0.14∆.
where tij ∈ R denotes the coupling between MBSs γi and
γj [see the schematic in Fig. 1(b) for the locations of the
MBSs] and satisfies tij = −tji, and phase difference βji
is defined as βji ≡ βj − βi = qj − qi +φj −φi and can be
written explicitly as
β21 = φ21 + q2 − q1,
β32 = φ32 + q3 − q2, (13)
β13 = −β21 − β32.
For an arbitrary junction, the azimuths q1,2,3 are in the
range [0, 2pi]. For the specific case drawn in Fig. 1(b),
q1 =
pi
6 , q2 =
5pi
6 , and q3 =
3pi
2 , therefore
β21 = φ21 +
2pi
3
,
β32 = φ32 +
2pi
3
, (14)
β13 = −φ21 − φ32 − 4pi
3
.
There are two types of couplings between MBSs. One
contains the couplings between two MBSs in the same
TSNW (HSeff ) and the other one contains the couplings
between MBSs adjacent to the QD but belonging to dif-
ferent TSNWs (HDeff ). Comparing with the couplings
(tij) between MBSs in HSeff , the couplings (tij sin
βji
2 ) in
HDeff has two parts–a constant amplitude part tij and an
oscillatory part arising from the phase difference between
TSNWs. In contrast to a straight nanowire system with
the two inner MBSs coupled with a weak link, where the
phase difference is solely determined by the magnetic flux
through a circuit loop, the phase differences between dif-
ferent TSNWs in the three-terminal TSNW-QD hybrid
system could contain both terms induced by the mag-
netic fluxes and terms related to the azimuths of the
TSNWs. The azimuths of the TSNWs enter the Hamil-
tonian due to the presence of SOI in the nanowires29.
It has been shown for a continuous system that when a
one-dimensional spinful Rashba s-wave superconducting
nanowire model is mapped to a spinless p-wave super-
conducting nanowire model, the effective phase of the
system is given by the summation of the azimuth and
the phase in the s-wave superconducting pairing poten-
tial of the nanowire. Thus, the differences in these two
parts constitute the total phase differences between the
TSNWs.
Figure 3 shows the results of calculations based on the
effective Hamiltonian. It is seen that the results of the full
numerical calculations based on the BdG tight-binding
6Hamiltonian are recovered by the calculations based on
the effective Hamiltonian. In particular, the energy spec-
tra and the probability distributions seen in Figs. 2(a1)
to 2(a5) are well reproduced by the calculations based on
the effective model shown in Figs. 3(a1) to 3(a5). Here,
we should note that the wave function of each MBS ob-
tained based on the effective Hamiltonian is a point-like
function, while the wave function of a MBS calculated
based on the BdG tight-binding model exhibits a spa-
tial but strongly localized distribution. Figures 3(b1) to
3(b5) show the calculated energy spectra for the case of
φ21 =
4pi
3 and the probability distributions for the case of
φ21 = φ32 =
4pi
3 based on the effctive Hamiltonian, cor-
responding to the results calculated based on the BdG
tight-binding Hamiltonian shown in Figs. 2(c1) to 2(c5).
Here, it is seen that at φ21 = φ32 = 4pi3 where the six
MBSs become nearly degenerate, the three TSNWs are
decoupled in the effective Hamiltonian and each MBS
resembles exactly that in an isolated TSNW. Note that
these states are still superpositions of MBSs within each
TSNW, since the coupling of the MBSs within each
TSNW remains non-zero in order to simulate the finite
length effect in our effective model. Figure 3(c) shows a
view of the energy spectra of the three-terminal TSNW-
QD hybrid system in the whole parameter space of φ21
and φ32 based on the effective Hamiltonian.
If the three TSNWs are semi-infinitely long, the overlap
of two MBSs within each TSNW can be neglected, the
effective Hamiltonian can be reduced to
HSInf = i(γ2γ1t21 sin
β21
2
+ γ3γ2t32 sin
β32
2
+ γ1γ3t13 sin
β13
2
). (15)
In this limit, the three-terminal TSNW-QD hybrid struc-
ture consists of four zero-energy MBSs with three of them
located at the outer ends of the three TSNWs and the
remaining one in the vicinity of the QD.29,34 There are
also two finite energy states in the system located in the
vicinity of the QD. These two states originate from hy-
bridization of the MBSs adjacent to the QD. Explicitly,
based on the Hamiltonian HSInf given in Eq. (15), the
eigenenergies of the three states localized in the vicinity
of the QD can be readily obtained as
E0 = 0 and E± = ±s0
2
, (16)
where s0 =
√
s212 + s
2
23 + s
2
13 with sji = tji sin
βji
2 . The
corresponding eigenvectors are
|0〉 = 1
s0
(s32γ1 + s13γ2 + s21γ3), (17)
|E±〉 = 1
sN
[(s13s32 ± is21s0)γ1 − (s221 + s232)γ2
+ (s21s13 ∓ is32s0)γ3], (18)
where the normalized constant sN = s0
√
2(s221 + s
2
32).
B. System with a QD level inside or near the
superconducting gap
We now study the three-terminal TSNW-QD hybrid
device in the case when a QD level is tuned into or near
the superconducting gap. In the BdG particle-hole repre-
sentation, a QD level contributes two states, namely the
particle state and its hole partner, with opposite ener-
gies. Thus, there could totally exist eight subgap states
in the system, instead of six seen in the previous sub-
section. However, we will show that this can only occur
when the QD level is located near or inside the supercon-
ducting gap. Below, we will first discuss how the subgap
states evolute with change in the energy position of the
QD level, which can be tuned as
EQD = −eVg + Vz + δΓ, (19)
through a gate voltage Vg, where δΓ is the normalized
energy of the QD level due to the couplings with the
three TSNWs. Numerical calculation shows that δΓ ≈
0.234∆ in the system we have considered with coupling
parameters tci = ∆ in this subsection. Then, we will
study the tuning of the subgap states by shifting the
phase differences between the TSNWs.
Figure 4 shows the subgap states of the three-terminal
TSNW-QD hybrid system at given values of the phase
differences between the TSNWs, φ21 and φ32, at differ-
ent QD level energies. In Fig. 4(a), the energy spectra
calculated for the system with φ21 = pi/3 and φ32 = 3pi/4
based on the full tight-binding Hamiltonian are plotted
against the QD level energy (EQD). Figure 4(b) shows
the energy positions in logarithmic scale of the positive
energy subgap states in the region marked by a rectangle
in Fig. 4(a). It is seen in Fig. 4(a) that when the QD level
is located far from the superconducting gap, only six sub-
gap states are found in the gap. When the QD level is
moved into the superconducting gap, a region, in which
eight subgap states are present in the gap, exists [see Fig.
4(b) for the existence of the four positive energy subgap
states]. When continuing moving the QD level away from
the superconducting gap, the system hosts only six sub-
gap states again and the results presented in the previous
subsection are recovered.
Figures 4(c1) to 4(c4) show the wave functions of the
four positive energy subgap states of the system at the
QD level energy of EQD = −0.766∆, while Figs. 4(d1)
to 4(d4) show that at EQD = 0. It is seen in Fig. 4(c1)
and Fig. 4(d1) that the lowest energy subgap state is built
from a superposition of the three MBSs at the outer ends
of the three TSNWs. Thus, the state is very close to zero
in energy and does not show a significant change with
shifting QD level. The second lowest subgap state is built
from a superposition of all the six MBSs in the TSNWs
and also does not show a significant change in energy
with shifting QD level. The third and fourth lowest en-
ergy subgap states are built mainly from superpositions
of the three MBSs adjacent to the QD and the QD state.
Thus, the energies of these two states show clearly vis-
7Figure 4. Energy spectra and wave functions of subgap states
of a three-terminal TSNW-QD hybrid system with a QD level
near or inside the superconducting gap calculated based on
the full BdG tight-binding Hamiltonian. (a) Energy spectra
calculated for the system with phase differences φ21 = pi3 and
φ32 =
3pi
4
against QD level energy EQD. (b) Zoom-in view of
the energy spectra of the four positive energy subgap states
of the system in a logarithmic scale in the region marked by
a rectangle in (a). (c1)-(c4) Probability distributions |Ψn|2
of the four positive energy subgap states calculated for the
system with φ21 = pi3 , φ32 =
3pi
4
and EQD = −0.766∆. (c4-i) is
the inset to (c4) which shows a zoom-in view of the probability
distribution of the highest subgap state in the neighborhood
of the QD. (d1)-(d4) The same as (c1)-(c4) but for EQD = 0.
The couplings parameters employed in the calculations are
tci = ∆ (with i = 1, 2, and 3) and all the other unspecified
parameters are the same as in Fig. 2.
ible changes with shifting QD level position. However,
the behaviors of these two subgap states are different.
The highest subgap state moves towards a lower energy
when the QD level moves towards the center of the su-
perconducting gap, and is then moving back to higher
energies and eventually to the outside of the supercon-
ducting gap with continuously increasing QD level en-
ergy. The wave function of this state is seen to be slightly
more extended for the QD level at EQD = −0.766∆ [see
Figs. 4(c4-i)] than at EQD = 0 [see Figs. 4(d4-i)]. This
is due to the fact that the subgap state is located deeper
in energy in the superconducting gap at EQD = 0 than
at EQD = −0.766∆. In fact, this subgap state becomes
more extended when the QD level is moved to a higher
energy and eventually develops into an extended state
when the QD level merges into continuous band of quasi-
particle states. On contrast, the third lowest subgap
state moves to a higher energy when the QD level moves
towards the center of the superconducting gap and then
moves back to a lower energy after the QD level passes
through the center of the gap. The wave function of this
subgap state remains localized to the vicinity of the QD
and does not show a significant change in localization
with change in the QD level energy.
We now discuss the evolutions of the subgap states
with changes in phase differences between TSNWs at
different given QD level energies. Figure 5 shows the
results of calculations based on the BdG tight-binding
Hamiltonian for the system at the QD level energies
of EQD = 0.234∆ [Figs. 5(a1) to 5(a6)] and EQD = 0
[Figs. 5(b1) to 5(b6)]. At both energies, the system hosts
eight subgap states. it is seen in Figs. 5(a1) to 5(a2),
where EQD = 0.234∆ and φ21 = pi, that the energies of
the eight subgap states only change slightly with vary-
ing φ32. The four positive energy subgap states are lo-
cated at ∼ 10−7∆, ∼ 10−4∆, ∼ 10−1∆ and ∼ 10−1∆
in energy [see Fig. 5(a2)]. The wave functions of the
four positive energy subgap states calculated at φ21 = pi
and φ32 = pi/3 are shown in Figs. 5(a3) to 5(a6). It is
seen in Fig. 5(a3) that the lowest positive energy subgap
state at the energy of ∼ 10−7∆ is formed from the three
MBSs located at the outer ends of the three TSNWs. The
next lowest positive energy subgap state at the energy of
∼ 10−4∆ is formed from a superposition of all the six
MBSs [see Fig. 5(a4)]. The reason for that the energies
of these two subgap states are very close to zero but are
still finite is the same as in the previous case, namely
that the TSNWs are all finite in length. The probability
distributions of the remaining two positive energy subgap
states at the energies of ∼ 10−1∆ are shown in Figs. 5(a5)
and 5(a6). These two subgap states are formed from the
hybridizations of the MBSs at the inner ends of the three
TSNWs and the QD state. The probability distributions
of all the eight subgap states vary little when φ21 and φ32
are changed, except for the case when φ21 and φ32 are in
the vicinity of φ21 = 4pi/3 and φ32 = 4pi/3.
Figure 5(b1) shows the evolution of the subgap state
energy spectra at EQD = 0 and φ21 = 4pi/3 with change
8Figure 5. Subgap state energy spectra and wave functions of a three-terminal TSNW-QD hybrid system with a QD level
near or inside the superconducting gap calculated based on the full BdG tight-binding Hamiltonian. (a1) Subgap state energy
spectra calculated for the system with phase difference φ21 = pi and QD level energy EQD = 0.234∆ against phase difference
φ32. (a2) Zoom-in view of the energy spectra of the four positive energy subgap states of the system in a logarithmic scale in
the region marked by a rectangle in (a1). (a3)-(a6) Probability distributions |Ψn|2 of the four positive energy subgap states
calculated for the system with φ21 = pi, φ32 = pi3 and EQD = 0.234∆. (b1)-(b2) The same as (a1)-(a2) but for φ21 =
4pi
3
and
EQD = 0. (b3)-(b6) The same as (a3)-(a6) but for φ21 = φ32 = 4pi3 and EQD = 0. Other parameters are the same as in Fig. 4
.
in φ32, while Fig. 5(b2) shows the energy evolution of
the four lowest positive energy subgap states in logarith-
mic scale. It is seen that the two lowest positive energy
subgap states at the energies of ∼ 10−9∆ and ∼ 10−4∆
are very close to zero and change little with change in
phase difference φ32. The highest positive energy subgap
state at the energy of ∼ 10−1∆ also exhibits a weak de-
pendence on phase difference φ32. The remaining, third
lowest positive energy subgap state shows, however, a
different behavior–it varies slowly in energy with increas-
ing φ32 from zero and turns to move quickly towards
smaller energy when φ32 approaches 4pi/3. The energy
of this subgap state reaches the minimum of ∼ 10−4∆ at
φ32 = 4pi/3. Figures 5(b3) to 5(b6) show the probability
distributions of the four positive energy subgap states of
the system at φ21 = φ32 = 4pi/3 and EQD = 0. It is
seen in Fig. 5(b3) that the lowest positive energy sub-
gap state at the energy of ∼ 10−9∆ is built dominantly
from the QD state and the three MBSs at the outer ends
of the three TSNWs. Note that three small but broad
peaks are visible at the outer ends of the three TSNWs
in Fig. 5(b3). The second and third lowest positive en-
ergy subgap states at the energies of ∼ 10−4∆, seen in
Figs. 5(b4) and 5(b5), are formed dominantly from the
MBSs in the three TSNWs. By a close examination, we
also find that the probability distributions of these two
subgap states in each TSNW have almost the same form
of the probability distribution as in an isolated single
TSNW, similar to the case discussed in the previous sub-
section. The fourth lowest positive energy subgap state
shown in Fig. 5(b6) is formed primarily from the QD
state and the three MBSs adjacent to the QD, similar to
the subgap state shown in the Fig. 5(a6).
Based on the numerical results presented above, we
repeat the procedure in the previous subsection to derive
an effective model for describing the subgap states of the
system by involving only the MBSs and the QD state as
Heff = H
S
eff +H
D
eff +H
QD
eff , (20)
9Figure 6. Subgap state energy spectra and wave functions of a three-terminal TSNW-QD hybrid system with a QD level near
or inside the superconducting gap calculated based on the effective model Hamiltonian of Eq. (20). (a1) Subgap state energy
spectra calculated for the system with phase difference φ21 = pi and QD level energy EQD = 0.234∆ against phase difference
φ32. (a2) Zoom-in view of the energy spectra of the four positive energy subgap states of the system in a logarithmic scale in
the region marked by a rectangle in (a1). (a3)-(a6) Probability distributions |Ψn|2 of the four positive energy subgap states
calculated for the system with φ21 = pi, φ32 = pi3 and EQD = 0.234∆. (b) Subgap state energy spectra calculated for the system
with φ21 = pi3 and φ32 =
3pi
4
against QD level energy EQD. (c) Subgap state energy spectra of the system with EQD = 0.234∆ in
the full parameter space of φ32 and φ21. The coupling parameters employed in the calculations are t14 = t25 = t36 = 0.0005∆
and tQDi = 0.33∆ (with i = 1, 2, and 3).
where HSeff describes the couplings of the MBSs in the
same TSNW, HDeff is the couplings between the MBSs
and the QD state, and HQDeff is the Hamiltonian of the
QD,
HSeff = i(t14γ1γ4 + t25γ2γ5 + t36γ3γ6), (21)
HDeff =
3∑
i=1
tQDi(e
i
βi
2 d†γi + H.c.), (22)
HQDeff = EQDd
†d, (23)
with the phases (not unique, up to a global phase back-
ground),
β1 = q1,
β2 = q2 + φ21, (24)
β3 = q3 + φ21 + φ32.
Similarly, the azimuths q1,2,3 are in the range [0, 2pi] for
an arbitrary junction. Here, in the particular case shown
in Fig. 1(b), q1 = pi6 , q2 =
5pi
6 , and q3 =
3pi
2 , therefore
β1 =
pi
6
,
β2 =
5pi
6
+ φ21, (25)
β3 =
3pi
2
+ φ21 + φ32.
By solving the effective model Hamiltonian, the results
of the BdG tight-binding calculations can be reproduced.
Figure 6 shows the results obtained based on the effective
model Hamiltonian. When compared with Figs. 5(a1) to
5(a6), it is seen that the energy spectra and the proba-
bility distributions are well recovered in the calculations
based on the effective model Hamiltonian of Eq. (20).
Figure 6(b) shows the energy spectra of the system at
phase differences φ21 = pi/3 and φ32 = 3pi/4 calcu-
lated against the QD level energy EQD based the effective
model Hamiltonian of Eq. (20). It is seen that the main
features in the energy spectra of all the subgap states
10
seen in Fig. 4(a) are found in the calculations based on
the effective model Hamiltonian. In Fig. 6(c), we show
the energy spectra of the system with the QD level at
EQD = 0.234∆ in the whole parameter space of φ21 and
φ32 based on the effective model Hamiltonian of Eq. (20).
For the TSNW-QD hybrid system with three semi-
infinitely long TSNWs, HSeff can be neglected and the
effective model Hamiltonian reads
HSInf = H
D
eff +H
QD
eff
= EQDd
†d+
3∑
i=1
tQDi(e
i
βi
2 d†γi + H.c.). (26)
Analytically solving the secular equation of the effective
Hamiltonian in this infinitely long TSNW limit, we ob-
tain eight subgap states with four zero-energy states and
four finite-energy states. Similar to the case presented
in the previous subsection, among the four zero-energy
subgap states, three are the MBSs located at the outer
ends of the three TSNWs (γ4, γ5 and γ6) and the remain-
ing one is formed from a superposition of the three inner
MBSs adjacent to the QD as
E0 = 0, |E0〉 = 1
lN
(l32γ1 + l13γ2 + l21γ3), (27)
where lij ≡ tQDitQDj sin βij2 , and the normalized con-
stant lN ≡
√
l221 + l
2
32 + l
2
13. The four finite-energy states
are formed by hybridizations of the QD state and the
three inner MBSs adjacent to the QD. Mathematically,
these states are the solutions of a quartic equation which
can be simplified, by setting x ≡ E2, to a quadratic equa-
tion,
x2 −Mx+N = 0, (28)
where
M =
E2QD+2(t
2
QD1+t
2
QD2+t
2
QD3)
4 ,
N =
l2N
4 .
Thus, the four finite-energy states have the eigenenergies
of
Es1,s2 = s1
√
M + s2
√
M2 − 4N
2
, (29)
where s1, s2 = ±. However, the eigenvectors |Es1,s2〉 of
these four finite-energy states do not possess a simple
expression. Thus, it is more convenient to resort to nu-
merical calculations for the eigenvectors of these states.
C. Generality of the effective model Hamiltonians
In the above subsections, the calculations based on
the effective model Hamiltonians for the three-terminal
TSNW-QD hybrid structures with the orientations of the
three TSNWs set at q1 = pi6 , q2 =
5pi
6 , and q3 =
3pi
2 are
presented and discussed. However, the application of the
effective model Hamiltonians to a three-terminal TSNW-
QD hybrid structure with arbitrary TSNW orientations
is straightforward. In fact, the effective model Hamilto-
nians given by Eqs. (10) and (15) and by Eqs. (20) and
(26) are in their general forms and can be readily used for
the study of a three-terminal TSNW-QD hybrid struc-
ture with arbitrary TSNW orientations. For example,
in the energy spectra shown in Figs. 3(c) and 6(c) ob-
tained based on the effective model Hamiltonians in the
full parameter space of phase differences φ21 and φ32, a
specific point at which the six low energy subgap states
are very close in energy (all in the orders of ∼ ±10−4∆ or
smaller). This point is seen to appear at φ21 = φ32 = 4pi3
in Figs. 3(c) and 6(c). For a three-terminal TSNW-QD
hybrid structure with arbitrary TSNW orientations, such
a specific point always exists but shifts to
φ21 = 2pi + q1 − q2, (30)
φ32 = 2pi + q2 − q3. (31)
For a T-shaped three-terminal TSNW-QD hybrid
structure30, for which q1 = 0, q2 = pi, and q3 = 3pi2 ,
the specific point is found to appear at φ21 = pi and
φ32 =
3pi
2 . For a parallel junction TSNW-QD hybrid
system53, for which q1 = 0, q2 = pi, and q3 = 2pi, the spe-
cific point shifts to φ21 = φ32 = pi. Thus, our effective
model Hamiltonians given in Eqs. (10) and (15) and in
Eqs. (20) and (26) are very general and can be applied to
the calculations for a three-terminal TSNW-QD hybrid
device with arbitrary nanowire orientations.
IV. CONCLUSIONS
In conclusion, the subgap states in three-terminal
TSNW-QD hybrid junction devices are studied. The en-
ergy spectra and the wave functions of the subgap states
are calculated as a function of the superconducting phase
differences between TSNWs and as a function of the QD
level energy based on the BdG tight-binding Hamiltoni-
ans. In a system with no QD level located near or inside
the superconducting band gap, there can exist six sub-
gap states. Among them, two lowest energy (one positive
and one negative energy) subgap states stay at nearly
zero energies and are essentially formed by linear com-
binations of the three MBSs located at the outer ends
of the three TSNWs. The next two lowest energy sub-
gap states are built from linear combinations of all the
six MBSs in the system and stay also at very small en-
ergies. However, the remaining two subgap states are
mainly formed by linear combinations of the three MBSs
adjacent to the QD and have significantly large finite
energies. The calculations also show the existence of a
specific point in the parameter space of phase differences
between TSNWs, at which all the six subgap states move
close to each other towards nearly zero energies. In a
three-terminal TSNW-QD hybrid junction device with a
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QD level located near or inside the superconducting gap,
there can appear eight subgap states. Among them, six
low energy subgap states exhibit similar characteristics
in energy positions and wave function localizations as in
the system without a QD level located near or inside the
superconducting gap except for the case where the QD
level approaches zero energy. At this case, the two of the
six subgap states at high energies contain significant con-
tributions from the QD state. The remaining two large
energy subgap states are the inherent property of the
system with the QD level located near or inside the su-
perconducting gap. These two states are constructed as
linear combinations of the QD state and the three MBSs
adjacent to the QD.
Simple but general effective model Hamiltonians for
three-terminal TSNW-QD hybrid devices have also been
extracted. The calculations based on the effective model
Hamiltonians recover excellently the results of the calcu-
lations based on the full BdG tight-binding Hamiltonians.
The effective model Hamiltonians can easily be general-
ized to the limit cases where the three TSNWs are infinite
in length. In such limit cases, some analytical solutions
of the subgap states can be derived. The effective model
Hamiltonians could be used as a starting point to con-
struct and investigate the braiding schemes of MBSs in
TSNW junction devices.
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